We study the behavior of a general gravitational action, including quadratic terms in the curvature, supplemented by a compact scalar field in 4 + 1 dimensions. The generalized Einstein equation for this system admits solutions which are compact in one direction and Poincaré invariant in the remaining directions. These solutions do not require any fine-tuning of the parameters in the action-including the cosmological constant-only that they should satisfy some mild inequalities. Some of these inequalities can be expressed in a universal form that does not depend on the number of extra compact dimensions when the scenario is generalized beyond 4 + 1 dimensions.
Introduction.
The old idea that the universe might contain more than the observed four space-time dimensions has re-emerged recently in novel attempts to explain the weakness of gravity compared to the other forces [1] and the hierarchy problem [2] , but it was realized earlier [3] that such theories might be able to address the cosmological constant problem [4] . The hope is that with extra dimensions, the metric might be able, through a non-trivial dependence on the extra coordinates, both to accommodate an arbitrary value for the cosmological constant and to maintain Poincaré invariance in 3 + 1 of the directions. In their original treatment, Rubakov and Shaposhnikov [3] found that this idea could be realized with two extra dimensions but that the bulk metric contained a singularity. Moreover, their system was shown to be unstable by [5] . The more recent scenarios [2] involving 3-branes reintroduce the cosmological constant problem in the form of a fine-tuning between the bulk cosmological constant and the brane tension. The attempts by [6] and [7] to avoid this fine-tuning again resulted in naked singularities in the bulk [8] .
We pursue the original idea of Rubakov and Shaposhnikov-that a non-factorizable metric that depends on an extra dimension could account for the presence of a cosmological constant. In particular, we seek metrics that are periodic in this extra dimension so that it can be made naturally compact when the period of the metric is identified with the compactification radius.
The standard Einstein equation for a theory without any 3-branes but with a cosmological constant does not permit metrics that simultaneously satisfy both requirements-that the metric is periodic and free of singularities. We therefore consider the effect of including higher order terms in the gravitational action which contain two powers of the curvature tensor [9] , such as a Gauss-Bonnet term [10] [11] [12] . Such terms can be regarded as the next natural terms in an effective theory of the gravitational action such as might arise in the low-energy expansion of some quantum theory of gravity.
We show that a general five-dimensional gravitational action including all terms up to fourth order in derivatives when supplemented by a compact scalar field permits metrics that are periodic in the fifth coordinate and preserve Poincaré invariance in the other four dimensions. This result does not require any fine-tuning at the level of the parameters in the action-including the cosmological constant-other than that they should satisfy some mild bounds. Moreover, since these solutions are smooth and contain no singularities, either in the metric or in the scalar field, the scenario does not require any 3-branes with an accompanying requisite fine-tuning between the brane tension and bulk cosmological constant. The only requirement is that the compactification radius should be sufficiently small so as not to produce any discrepancies with current experiments.
In the next section, we review the solution to Einstein's equations in a 5d theory with a cosmological constant and a free scalar field. Section three derives the field equations from a general action that includes quadratic terms in the curvature. In section four, we present several exact solutions of these field equations and further show that with the Gauss-Bonnet term alone the metric does not have periodic, smooth, non-singular solutions with 4d Poincaré invariance. The fifth section shows the requirements that a general R 2 action should satisfy to admit periodic, smooth, non-singular metrics and discusses a few representative cases found numerically. Section six examines a few general properties of including higher order terms in the effective action and discusses theories with more than one extra dimension. Section seven concludes.
Background.
In order to show the importance of higher derivative terms in the action, we first examine the solutions for a five-dimensional theory with only the standard Einstein-Hilbert action and a free scalar field, Here Λ and M 5 are respectively the cosmological constant and the 5 dimensional Planck constant. g ab is the metric for the space-time. We denote the coordinates that correspond to the usual space-time dimensions by x µ , where µ, ν, · · · = 0, 1, 2, 3, and the fifth coordinate by y, with a, b, c, . . . = 0, 1, 2, 3, y. Ignoring the scalar field, when Λ > 0 the universe is an anti-de Sitter (AdS) space-time while Λ < 0 corresponds to a de Sitter (dS) space-time. We shall often work in units in which M 5 = 1.
When the metric has the form 
where A 0 and y 0 are constants of integration, in addition to the trivial φ ′ (y) = 0 solution. When Λ < 0 (dS), we are able to obtain periodic solutions. However, the scalar field periodically becomes singular and the metric becomes imaginary. In order to remove this 1 Our convention for the signature of the metric is (−, +, +, +, +) while the Riemann curvature tensor is defined by −R
unacceptable behavior from the space-time, we require 3-branes to cut-off the manifold in extra dimension before the ill-behaved region is encountered. When Λ > 0 (AdS), only the φ ′ (y) = 0 solution is real and the theory can only be compact if we return to the original Randall-Sundrum scenario [2] . Thus for either sign of Λ, the scenario must contain some 3-branes which necessitates a fine-tuning of the brane tension with the value of the cosmological constant.
In the following, we shall see how the addition of a general R 2 action can lead to an acceptable dependence of the warp function, A(y), on an extra compact dimension. Note that such an action encounters a difficulty when the extra dimension is not compact [13] , as noted in [14] . If we consider variations about a flat 4d metric, η µν → g (4) µν (x λ ), we can relate the five-dimensional curvature for (2.2) to the four-dimensional curvature through
where R (4) is the curvature associated with g
µν . By integrating out the extra dimension,
we determine the effective Planck's constant M 4 measured by a four-dimensional observer in terms of the 5d Planck's constant
dy e A(y) . As long as this integral is finite we can define a four dimensional effective theory of gravity. This argument fails at the next order since 8) so that in an effective theory, this term receives a correction proportional to the volume of the extra dimension. The problem only worsens at higher orders where the [R (4) ] k terms receive an enhancement of dy e (2−k)A(y) . One way [14] to evade this difficulty occurs when the term induced in the 4d effective theory is purely topological, as is the case for the 4d Gauss-Bonnet term. In this paper we instead consider a scenario with compact extra dimensions along with a general R 2 action; a Gauss-Bonnet term alone is insufficient for our picture, as we show below.
Gravity from a Generalized Action.
A generic action with up to four derivatives of metric can be written as
The additional terms can be interpreted as a squared Weyl tensor,
a Gauss-Bonnet term,
and a third possible independent term,
The Weyl term vanishes when the metric is conformally flat, as is the case for (2.2), so we are free to add some multiple of the Weyl term to (3.4) without affecting the field equations. Later we shall use µ and λ to denote the coefficients of the third term (3.4) and Gauss-Bonnet term respectively:
We include the effect of a scalar field, initially through the action for a free field,
although later we shall add a term (∇ a φ∇ a φ) 2 which is of the same order as the R 2 terms. Note that we have included a coefficient k 0 in equation (3.6) .
Upon varying the action with respect to the metric we obtain [15] 
where T ab represents the energy-momentum tensor for the scalar field,
For a non-factorizable metric of the form of equation (2.2), the sum of the µµ and the yy components of (3.7) yields an equation in which the free scalar field does not appear, 9) so that the difference of these components can be used to determine its behavior,
The scalar field equation appears in (2.4), but it is not independent being a consequence of (3.9) and (3.10). When A(y) is a periodic function of y, then (3.10) implies that φ ′ (y) should also be periodic. Since this equation is non-linear in A(y), the integral of φ ′ (y) over one period is in general finite and non-zero so φ must itself be compact. Any additional dependence of the action on φ, rather than on its derivatives, must be through periodic functions.
Analytical Solutions.
The full fourth-order set of differential equations for a theory with a free scalar field and a set of R 2 terms with arbitrary coefficients does not admit a simple analytic solution except for special cases. In this section, we study two such examples of exact solutions. Although these solutions do not produce warp functions A(y) that are smooth, non-singular and periodic, they provide partial boundaries for the region of the {Λ, λ, µ} parameter space in which we have found such solutions numerically. One of these surfaces requires both the µ and λ terms in the field equations. Among this class of solutions is a metric which falls off exponentially as y → ±∞, as in [13] but without the need of a 3-brane. A second of the surfaces, µ = 0, represents a theory with only a Gauss-Bonnet term at the R 2 order. Note that a third boundary lies along the surface Λ = 0 where we can trivially satisfy the field equations (3.9), (3.10) and (2.4) with constant solutions, A(y) = A 0 and φ(y) = φ 0 . We have found non-trivial periodic solutions only when Λ < 0 and µ < 0.
An Exact Solution.
We can discover an interesting set of exact solutions by noting that the linear combination of field equations that eliminates the scalar field, (3.9), does not depend on A(y) except through its derivatives and does not contain the fifth coordinate explicitly. Together these properties allow (3.9) to be recast as a second order differential equation,
through the introduction of z ≡ dA dy and
A simple set of solutions in the full {Λ, λ, µ} parameter space is found by substituting
into (4.1) which imposes the constraints
The resulting warp function A(y) is periodic provided that ab > 0:
Note that this solution for A(y), when substituted into (3.10), implies that the scalar field is constant, φ ′ (y) = 0.
In general, this solution is not satisfactory since it contains singularities when a > 0 and becomes complex for generic values of a < 0. When a = −1/2n, where n is a positive integer, the behavior improves so that e A(y) is everywhere real and non-singular when Λ < 0, although for this case e A(y) vanishes at regular intervals. We shall find in the next section that the set of solutions in (4.5) forms a boundary in the {Λ, λ, µ} parameter space beyond which periodic, non-vanishing solutions exist when Λ < 0 and µ < 0.
We can also use (4.5) to generate a variant of the usual Randall-Sundrum scenario [13] , but without including a 3-brane. For example, when a > 0 and Λ < 0, we find that
Although this solution requires fine-tuning the parameters in the action, as given in (4.4), it achieves a metric whose zero mode is centered about y = y 0 and which falls off exponentially as y → ±∞. Unlike previous examples [16] which used a thick brane to obtain this behavior, (4.6) does not require any scalar field. Since this theory has an infinite extra dimension, some method of trapping the Standard Model fields near y = y 0 is further required.
The endpoints of the set of solutions in (4.6), shown in figure 1 , have interesting properties. Taking a → ∞ (µ = 0, λΛ = − 9 4 ), so that the region in which the first derivative of the warp function smoothly changes sign has a vanishing thickness, the solution (4.6) approaches the warp function studied by Randall and Sundrum [13] ,
At the other endpoint, a → 0 (λ = 0, µΛ = 9 32 ), the warp function produces a Gaussian metric 8) which for Λ < 0 decreases more rapidly away from y = y 0 than the standard RandallSundrum metric.
Insufficiency of a Gauss-Bonnet Term Alone.
A theory with only a Gauss-Bonnet contribution to the R 2 action has the advantage of producing a set of differential equations with no more than second derivatives of the warp function A(y). Unfortunately, for our purpose restricting to such a theory too greatly constrains the form of the solutions. Without the µ-terms, equation (3.9) implies that all the extrema of A(y), if they exist, are all local maxima or all local minima depending upon the sign of Λ since at the points where A ′ (y) = 0, A ′′ (y) = 4 3 Λ. However, the surface µ = 0 is still important as it provides a partial boundary to the region in the full {Λ, λ, µ} parameter space in which satisfactory, periodic solutions do exist.
When the metric has the form (2.2), any warp function A(y) that has an extremum will encounter a singularity only a finite distance away from it. Integrating the scalar field
and substituting this result into the linear combination of (3.9) and (3.10) that eliminates A ′′ (y) when µ = 0 yields a first order differential equation. Its solution determines A(y) implicitly:
where
The signs on the right side of (4.10) cannot be chosen separately; however, the minus sign should be used to obtain A ′ (y) = 0 at some point. In the limit λ → 0, (4.10) reproduces (2.5).
In the interesting Λ < 0 region, from the expression (4.10) we observe that no acceptable solutions exist for any value of λ. For example when λ < 0, A(y) becomes singular in (4.10) at a finite distance from y 0 . For λ > 0, the warp function also contains a singularity, but this time it appears in its second derivative. Solving equation (3.9) for A ′′ (y), we note that it becomes singular whenever A ′ (y) = ±λ −1/2 , which again occurs at a finite value of y. Appendix A contains a fuller discussion of the properties of the solution (4.10) and the location of its singularities.
5. An Analysis of the Full R 2 Action.
Before describing our approach for finding numerical solutions and presenting several representative examples, we summarize with a sketch of the parameter space in figure 1 . The unshaded area of the figure, which lies in the Λ < 0 and µ < 0 region of the {Λ, λ, µ} parameter space, shows where smooth, non-singular, periodic warp functions exist. We can describe another boundary by solving for λ as a function of µ in (4.4),
we immediately observe that the shape of the curve of solutions (4.5) is the same for all values of the cosmological constant, Λ < 0, if the λ and µ axes are appropriately rescaled. This feature corresponds to a rescaling invariance of the field equation (3.9) under y → σy, 2 With φ ′ (y) = 0, the only possible solutions are those of the form,
where any of the four possible sign choices is allowed. The case of a scalar field in a Λ = 0 theory was solved in [11] .
µ → σ 2 µ, λ → σ 2 λ and Λ → σ −2 Λ, where σ is a real constant. Therefore, we can express our results in terms of two dimensionless parameters, {λΛ, µΛ}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A periodic solution for a generic set of values of Λ, λ and µ is found by numerically integrating the differential equation (3.9). The coordinate y does not explicitly appear in the equation (3.9) which moreover only depends on the warp function through its derivatives. Thus, we can always translate by y → y − y 0 and A(y) → A(y) + A 0 to obtain another solution. Therefore we can choose A(0) = A ′ (0) = 0 without any loss of generality. We also chose A ′′′ (0) = 0 which limits our solutions to those that are even about the origin, although we did not find any periodic solutions that are odd when we relaxed this constraint. The subsequent evolution of the warp function away from y = 0 then depended solely upon the initial value of the second derivative, A ′′ (0). An arbitrary value for A ′′ (0), given some set of values for {λΛ, µΛ}, does not lead to a periodic solution. Generically, the warp function tended to reach a singularity at a finite distance or to approach asymptotically a solution of the form A ′ (y) = constant as y → ∞. Between these two extremes, precisely chosen values of A ′′ (0) produce periodic solutions for arbitrarily chosen values of λΛ and µΛ within the unshaded region of figure 1. This result demonstrates the existence of periodic solutions which naturally select a compactification radius without the need to add a 3-brane to the theory or to fine-tune the parameters in the action (3.1), as long as they lie within the allowed region of parameter space.
When the scalar field enters the action only through a free kinetic term, the value of k 0 (φ ′ ) 2 is negative for all the periodic solutions that we found numerically. Although this result implies that the kinetic energy term has the wrong sign, it appears to be an artifact of truncating the scalar action; this unphysical feature disappears when higher order terms appear in the scalar action. An example of such a solution is placed at the end of this section.
One region of parameter space that admits a semi-analytic approximation of the solution is where Λµ ∼ ǫ 2 ≪ 1 with Λλ ≫ 1. In this region we can try an oscillating solution for the warp function of the form
for a small amplitude, ǫ. When substituted into (3.9), the only terms that are O(ǫ) are those linear in A(y):
which, to leading order, requires ω 2 ≈ −3/µ so that the period of the compact dimension is
The O(ǫ 2 ) terms, which arise from the following terms in (3.9),
determine the value of ǫ in terms of the cosmological constant, . Thus, for the linear terms to dominate requires that Λµ ≈ 9 4 ǫ 2 ≪ 1. Note that since the λ terms in the field equations contain at least three powers of the warp function, to this order λ can be arbitrary provided it does not alter the ǫ-expansion: Λλ ≫ 1.
This semi-analytic estimate is confirmed when we plot the numerical solution to (3.9) for Λ = −1, λ = 0 and µ = −0.01 shown in figure 2. Holding Λ = −1 and λ = 0 fixed and varying µ, we have checked that the period and amplitude of the numerical solutions is better and better approximated by (5.4) and (5.6) as we let µ → 0. We can find numerical solutions arbitrarily close to the surface µ = 0, for λ < λ. We have indicated this boundary in figure 1 by extending the shaded region beyond the curve (5.1). As λ and µ approach this boundary from above, the numerical solutions grow more cusped as in the more extreme example depicted in figure 3 where the warp function has broad maxima and sharp, deep minima. The amplitude is also significantly larger so that e A(y) changes by several orders of magnitude. Although the figure appears to have cusps at the minima, the function A(y) is actually smooth at these points and has no discontinuities in the slope. Finally, we must address whether the kinetic energy term in the scalar action can have the correct sign, k 0 = 1, when A(y) is periodic. If we include the additional term
then the field equations (3.7) require
(5.8)
Since these expressions are only quadratic in (φ ′ (y)) 2 , we can solve for 6. Discussion.
Higher Order Terms in the Effective Action.
The gravitational action that we have considered should be regarded as only the first few terms of a possibly infinite effective action arranged in powers of derivatives. Therefore, we might worry whether higher order terms will spoil the periodic behavior seen in the last section. Here we briefly motivate why the existence of smooth, periodic, non-singular solutions might be a generic feature of this scenario.
The small Λ region of the generalized parameter space, formed by the coefficients of the terms in the effective action, still should admit warp functions that approximate sinusoids as in (5.2),
For this approximate solution, the amplitude of the oscillations is assumed to be small, O(ǫ), so terms in the equations of motion with fewer powers of A(y) tend to dominate the shape of the warp function. For an action with a general set of R k terms included, the leading behavior in the ǫ ≪ 1 limit is
where the µ k,i are some linear combinations of the coefficients of the R k terms. When the warp function is of the form (6.1), these linear terms have solutions as long as the coefficients µ k,i are such that the equation
has a real root. As before, the cosmological constant can be related to the amplitude ǫ, by solving for the O(ǫ 2 ) terms of the field equations of the full Lagrangian. Thus, when the cosmological constant is small, Λ ∼ O(ǫ 2 ), then the full parameter space contains a region in which the warp function is, up to O(ǫ 2 ) corrections, given by a sinusoid (6.1). As with the parameter λ in the R 2 action, the other parameters which appear in the full equations of motion, which we denote by λ k,i , only appear in terms that are at least cubic in powers of the warp function and so only need to satisfy the weaker requirement that they do not ruin the ǫ expansion, λ k,i Λ ≫ 1.
The problem of establishing the existence of more general periodic solutions becomes only more difficult at higher orders. However, well-behaved periodic solutions do seem generically to exist for subsets of the terms of the general field equations other than the linear terms. As an example, one such subset of the terms in (3.9),
also has periodic solutions when
One subset of the terms in the R 3 action is
which has periodic solutions for some subregion of the space c 1 , c 2 > 0. This behavior also suggests that it is plausible that periodic solutions should exist in some region of the enlarged parameter space when higher order terms are included in the gravitational action.
The Scenario in d Dimensions.
Although for clarity we have concentrated on a scenario in which the universe contains 3 + 1 infinite dimensions and one extra compact dimension, the picture can be generalized to higher dimensions with many of the features found above intact. The most trivial modification of the metric (2.2) would be of the form
for a theory in d total space-time dimensions. Although the warp function A(y) must still be a periodic function of y, the z i directions can be trivially compactified with arbitrary compactification radii. The generalized Einstein equation (3.7) for this scenario produces the following two independent differential equations,
(6.7)
As before, only two of the three possible linear combinations of R 2 terms contribute,
As in the d = 5 case, for a conformally flat metric such as (6.6) the squared Weyl term C abcd C abcd does not contribute to the equations of motion (6.7).λ vanishes for d = 4 since the Gauss-Bonnet term then corresponds to the Euler form and is a topological density. Incidentally, for the solution to be periodic in this unphysical case which only has 2 + 1 dimensional Poincaré invariance, µ must be moderately fine-tuned to lie within the interval − 1 24 < µ < 0. An interesting feature of this more general field equation is that the analytic solutions of (4.5) are still solutions when d > 5. The generalization of (4.4) is then
.
(6.9)
5 Note that in (3.5) we have defined λ = 2 3λ
| d=5 to agree with the conventional normalization for the Gauss-Bonnet term.
Here we have introduced a rescaled set of parameters, {Λ,λ,μ}, to emphasize that the shape of the curve shown in figure 1 (5.1) is in fact universal-it is the same for arbitrary Λ < 0 and in arbitrary dimension d > 4 when µ and λ are appropriately rescaled:
Note that while the location of this set of solutions is independent of d and Λ when plotted in the {λΛ,μΛ}-plane, individual points along this curve do not correspond to the same solutions since both the period and the exponent in (4.5) depend on d.
Conclusions.
A theory with an extra compact dimension and an action with a set of R 2 terms and a compact scalar field contains sufficient freedom to permit a metric that maintains Poincaré invariance in 3 + 1 of the dimensions without any fine-tuning of the terms in the action. Although the resulting field equations are fourth order, the existence of these metrics can be shown numerically. The examples that we have found are smooth, periodic and contain no singularities or zeros throughout space-time. As a check, we have confirmed that when the numerical solutions for the warp function and scalar field are substituted back into the action, the integral over the extra dimensions gives zero, so that the effective four dimensional cosmological constant vanishes. We have also found several exact solutions which, while they do not themselves provide satisfactory metrics, bound the region of parameter space in which exist the desired smooth, non-singular metrics that are periodic in the extra dimension. Moreover, these exact solutions continue to exist for an arbitrary number of extra dimensions and can be expressed in a universal, dimension-independent form.
As in the original proposal by Rubakov and Shaposhnikov [3] to address the cosmological constant problem using extra dimensions, the existence of metrics with periodic warp functions that are flat in the other 3 + 1 dimensions leaves unanswered the question of whether they are preferred over other possibilities. For example, we have also found a class of metrics that, while still periodic in one dimension, correspond to 3 + 1 de Sitter or anti-de Sitter spaces in the other components. There is also the question of stability, and whether these solutions can be reached from generic initial conditions. The answers to these problems are central to the search for a realistic cosmology, but the problems are dynamical in nature and a fine turning of fundamental parameters is now not obviously required. Table 2 . A list of values of the cosmological constant Λ that give periodic, smooth, non-singular solutions given λ = µ = − 1 10 .
Note that a periodic solution for a specific choice of {Λ, λ, µ} is not necessarily unique; two different values for A ′′ (0) can lead to two different periodic solutions. An example of this phenomenon is listed in table 2 and illustrated in figure 5. 
